Abstract. In this paper we study systematically the ℓ-adic realization of the elliptic polylogarithm in the context of sheaves of Iwasawa modules. This leads to a description of the elliptic polylogarithm in terms of elliptic units. As an application we prove a precise relation between ℓ-adic Eisenstein classes and elliptic Soulé elements. This allows to give a new proof of the formula for the residue of the ℓ-adic Eisenstein classes at the cusps and the formula for the cup-product construction in [HK99], which relies only on the explicit description of elliptic units. This computation is the main input in the proof of Bloch-Kato's compatibility conjecture 6.2. needed in the proof of Tamagawa number conjecture for the Riemann zeta function.
Introduction
The purpose of this paper is twofold: on the one hand we prove a new and precise relation between ℓ-adic Eisenstein classes and elliptic Soulé elements using a description of the integral ℓ-adic elliptic polylogarithm in terms of elliptic units. On the other hand this relation will be used to give a new proof for the cup-product construction formula, which is the main result of [HK99] and is the main input in [Hub] to obtain a proof of Bloch-Kato's compatibility conjecture 6.2. This new proof uses only elementary properties of elliptic units.
The explicit description of the integral ℓ-adic elliptic polylogarithm in terms of elliptic units was already one of the main results in the paper [Kin01] . There we used an approach via one-motives to treat the logarithm sheaf. But the main application of the ℓ-adic elliptic polylogarithm is in the context of Iwasawa theory, which makes it desirable to approach the elliptic polylogarithm systematically in this context. That such an approach is possible, is already suggested in the ground-braking paper [BL94] .
In Iwasawa theory Kato, Perrin-Riou and Colmez pointed out the usefulness to work with "Iwasawa cohomology", which is continuous Galois cohomology with values in an Iwasawa algebra. We generalize this idea to treat families of Iwasawa modules under a family of Iwasawa algebras. The main example for this is the family of Iwasawa algebras on the moduli scheme of elliptic curves, where one has in each fibre the Iwasawa algebra of the Tate module of the corresponding elliptic curve.
It is the fundamental idea of Soulé [Sou81] that twisting of units can be used to produce interesting cohomology classes. Already in Kato's paper [Kat93] it is implicit that this twisting is related to the Iwasawa cohomology. Later Colmez used this explicitly in [Col98] , where he used moment maps of Q ℓ -measure algebras. For our approach it is crucial to develop this further by constructing the moment map at finite level. We show that in the cyclotomic case one obtains the elements defined and studied by Soulé and Deligne. Work by Soulé in the CM elliptic case and Kato's work in [Kat04] suggest that one should carry out Soulé's twisting construction also in the modular curve case to obtain elliptic Soulé elements. One of the main results in this paper is that these elliptic Soulé elements are essentially the ℓ-adic Eisenstein classes in [HK99] .
With the general theory of sheaves of Iwasawa modules, we obtain a concrete description of the elliptic polylogarithm in terms of the norm compatible elliptic units defined and studied by Kato [Kat04] . This gives strong ties of the elliptic polylogarithm to recent developments in Iwasawa theory and also allows many explicit computations with the ℓ-adic elliptic polylogarithm.
As an application of the concrete description of the elliptic polylogarithm, we give a new proof of the residue computation for ℓ-adic Eisenstein classes on the moduli scheme for elliptic curves (Corollary 5.2.3).
A second application is the evaluation of the cup-product construction used in [HK99] (and explained in this volume in [Hub] ) to obtain elements in the motivic cohomology of cyclotomic fields and to prove Conjecture 6.2 in [BK90] . The approach taken here, does not need any computations of the cyclotomic polylogarithm as in [HK99] . It relies only on the concrete evaluation of the elliptic units at the cusps.
An overview of the main results in this paper is given in Section 1. H := (R 1 π * Z ℓ ) ∨ ∼ = R 1 π * Z ℓ (1)
where (.) ∨ denotes the Z/ℓ r Z, Z ℓ and Q ℓ dual respectively. We denote by Sym k H r , Sym k H and Sym k H Q ℓ the k-th symmetric power as Z/ℓ r Z-, Z ℓ -and Q ℓ -modules respectively. In the same way we denote by TSym k H r , TSym k H and TSym k H Q ℓ the functor of symmetric k-tensors as Z/ℓ r Z-, Z ℓ -and Q ℓ -modules respectively. Note that there is a canonical map
which extends to a homomorphism of graded algebras Sym · H r → TSym · H r and similarly for H and H Q ℓ .
As we will not only deal with ℓ-adic sheaves, we work in the bigger abelian category of inverse systems F = (F r ) r≥1 ofétale sheaves modulo MittagLeffler-zero systems (which means to work in the pro-category) and define the continuousétale cohomology in the sense of [Jan88] . This means that H i (S, F ) is the i-th derived functor of
More generally, one defines
for a morphism π : S → T to be the i-th derived functor of F → lim ← −r π * F r . For ℓ-adic sheaves, we also consider Ext-groups Ext i S (F , G ), which are the right derived functors of Hom S (F , −).
Of crucial importance is the following lemma:
Lemma 0.0.1. Let F = (F r ) r≥1 be a projective system with H 0 (S, F r ) finite, then where G is just a Q ℓ -sheaf.
Statement of the main results
For better orientation of the reader we give an overview of the main results in this paper and the strategy and main ingredients of the proof.
1.1. The residue at ∞ of the Eisenstein class. We identify sections t : Y (N ) → E with elements in (Z/N Z) 2 via the universal level-N -structure on E. For any (0, 0) = t ∈ (Z/N Z) 2 one can define a so called Eisenstein class Eis
It is convenient to introduce the following notation:
It is shown in [Bla] that Eis
is in fact the image of a class in motivic cohomology under the regulator map. We are interested in the image of Eis
as defined in Definition 5.1.5. The following result was first proved in [BL94] by a completely different method:
where B k+2 denotes the k + 2 Bernoulli polynomial and
we can consider the cup-product
and we can consider the image of Eis
be the edge morphism in the Leray spectral sequence for Rj * using the isomorphism
is called the cup-product construction (compare [Hub, Definition 4.1.3.]).
Note that Dir ℓ (ψ) does not depend on the choice of φ ∞ (as follows from the formula in Theorem 6.1.1). The main result of this paper is:
Then one has
where c k+1 (ζ b N ) is the modified cyclotomic Soulé-Deligne element from Definition 3.2.3.
It is explained in [Hub] how this theorem settles the compatibility conjecture 6.2. in [BK90] .
The main idea in this paper (building upon our former work [Kin01] ) is to describe a Z ℓ -version of Eis k Q ℓ (t) as Soulé's twisting construction applied to elliptic units. Then all explicit computations with the Eisenstein classes are reduced to computations with the elliptic units.
1.3. Eisenstein classes and elliptic units. We explain how the Eisenstein classes are related to elliptic units and in particular how one can define these classes integrally. For this we need to introduce some notation.
Recall that the Eisenstein class is associated to a non-zero N -torsion section t : Y (N ) → E[N ]. Let ℓ be a prime number. We define the E[ℓ r ]-torsor E[ℓ r ] t on the modular curve Y (N ) by the cartesian diagram
If t = e is the identity section we write Λ r (H r ).
The sheaves Λ r (H r t ) form an inverse system with respect to the trace map Λ r+1 (H r+1 t ) → Λ r (H r t ) and we denote the resulting pro-system by
For t = e we write Λ(H ) := (Λ r (H r )) r≥1 .
Remark 1.3.2. The sheaves Λ(H t ) form the main example of sheaves of Iwasawa modules mentioned in the title of this paper. The connection is explained in Lemma 2.3.3.
Note that by Lemma 0.0.1 we have
Fix an auxiliary integer c > 1, which is prime to 6ℓN . Then Kato has defined a norm-compatible unit c ϑ E on E \ E[c] (cf. Theorem 3.3.1). Note that for an N -torsion point t = e one has E[ℓ r ] t ⊂ E \ E[c] by our condition on c. Thus, we can restrict c ϑ E to an invertible function on E[ℓ r ] t . The Kummer map (see 2.6.2) gives a class
and by the norm-compatibility we can define:
In 2.5.2 we define a moment map
which gives rise to a map
We show in Proposition 2.6.8, inspired by a result of Colmez [Col98] :
coincides with Soulé's twisting construction (see 2.6.4) applied to the norm compatible elliptic units c ϑ E and is called the elliptic Soulé element.
Consider the image of mom
which allows us to consider
Theorem 1.3.5 (see Theorem 4.7.1). With the above notation the equality 1
This is the desired relation between Eis
(t) and the elliptic Soulé element.
Sheaves of Iwasawa modules and the moment map
In this section we consider sheaves of Iwasawa modules and define the moment map. As a motivation we start by looking at the case of modules under the Iwasawa algebra.
2.1. Iwasawa algebras. Fix a prime number ℓ. Let X be a totally disconnected compact topological space of the form
with X r finite discrete. We denote by
the continuous Z ℓ -valued functions on X together with the sup-norm ||−|| ∞ .
Definition 2.1.1. The space of Z ℓ -valued measures on X is
We also write Λ r (X) := Hom Z ℓ (C(X, Z ℓ ), Z/ℓ r Z) for the Z/ℓ r Z-valued measures on X. For each µ ∈ Λ(X) we write
and for x ∈ X we let δ x ∈ Λ(X) be the Dirac distribution characterized by
As every continuous function in C(X, Z ℓ ) is the uniform limit of locally constant functions, we have
For a continuous map φ : X → Y one has a homomorphism (2.1.1)
then one has a canonical isomorphism
Let now X = H = lim ← −r H r be a profinite group. Then Λ(H r ) is the group algebra of H r and Λ(H) inherits a Z ℓ -algebra structure. This algebra structure can also be defined directly by using the convolution of measures
Definition 2.1.2. Λ(H) with the above Z ℓ -algebra structure is called the Iwasawa algebra of H.
The following situation will frequently occur in the applications in this paper. Suppose that 0 → H → G q − → T → 0 is an exact sequence of profinite groups with T finite discrete. Define for t ∈ T H t := q −1 (t) so that G = t∈T H t and each H t is an H-torsor, i.e., has a simply transitive H-action. Then
is a Λ(H)-module and Λ(H t ) is a free Λ(H)-module of rank one.
2.2. The moment map. In this section we consider the profinite group H ∼ = Z d ℓ and we write
(2.2.1)
The moment map will be a Z ℓ -algebra homomorphism
where TSym · H is the completion of the Z ℓ -algebra of symmetric tensors with respect to the augmentation ideal.
We start be recalling some facts about the algebra of symmetric tensors TSym · H. We remark right away that the right framework for the moment map is the divided power algebra Γ · H, which in our case is isomorphic to TSym · H. As we are interested in the relation with the symmetric algebra in the end, we found it more intuitive to work with TSym · H. The algebra TSym · H is graded
TSym k H and for each h ∈ H one has the symmetric tensor h [k] := h ⊗k ∈ TSym k H. This gives a divided power structure on TSym · H and one has the formulae
The map
is an isomorphism. By the universal property of the symmetric algebra this induces an algebra homomorphism
which is an isomorphism after tensoring with Q ℓ . From the isomorphism Γ · H ∼ = TSym · H it follows directly that TSym · H is compatible with base change
and with direct sums TSym n for all n ≥ 1. Taking the inverse limit over n, the result follows.
Let TSym
Proposition 2.2.2. There is a unique homomorphism of Z ℓ -algebras
which maps δ h → k≥0 h [k] and is called the moment map. It is the limit mom = lim ← −r mom r of moment maps at finite level
Let (e 1 , . . . , e d ) be a basis of H and (x 1 , . . . , x d ) the dual basis considered as Z ℓ -valued functions x i : H → Z ℓ . In terms of measures the moment map is given by
The projection onto the k-th component is denoted by
Remark 2.2.3. The formula for the moment map in terms of measures justifies the name. For the application to sheaves of Iwasawa algebras it is the formula on finite level which is important.
Proof. The map mom r : Λ r (H r ) → TSym · H r in the proposition is the algebra homomorphism induced by the group homomorphism h → k≥0 h [k] and the universal property of the group algebra Λ r (H r ). Taking the inverse limit gives mom :
If we observe that
we get
This implies that for the measure µ = lim ← −r µ r ∈ Λ(H) we get
which implies the desired formula for mom(µ).
Note that the moment map is functorial. If ϕ : H → G is a group homomorphism one has a commutative diagram
It is a fact from classical Iwasawa theory that Λ(H) is isomorphic to a power series ring over Z ℓ in d variables. In particular, it is a regular local ring. Let
be the augmentation ideal. Then from the regularity of Λ(H) it follows that I(H) k /I(H) k+1 ∼ = Sym k H and the k-th moment map factors
Lemma 2.2.4. The k-th moment map induces
which is just the canonical map.
Proof. The morphism mom k maps an element (
to the corresponding product taken in TSym · H. This implies the result.
Consider again the exact sequence
of profinite groups with T a finite N -torsion group.
Definition 2.2.5. For the H-torsors H t = q −1 (t) define
Remark 2.2.6. This moment map is not independent of the choice of N such that t is an N -torsion point.
To remedy this defect consider the composition
Definition 2.2.7. The modified moment map
is the map (2.2.4) composed with the inverse of the isomorphism Sym
The following lemma is obvious from the definition.
Lemma 2.2.8. The modified moment map mom k t depends only on t and not on N .
2.3.Étale sheaves of Iwasawa modules.
Consider a projective system of finiteétale schemes p r : X r → S and let X := lim ← −r X r . We denote by λ r : X r+1 → X r the finiteétale maps in the projective system. We denote by X r theétale sheaf associated to X r and define anétale sheaf on S by
The trace map with respect to λ r induces a morphism of sheaves λ r * Z/ℓ r+1 Z → Z/ℓ r+1 Z which gives rise to
where the last map is reduction modulo ℓ r .
Definition 2.3.1. Define an inverse system ofétale sheaves on S by
with the above transition maps.
This construction is functorial in the sense that for a morphism of inverse systems (f r : X r → Y r ) r≥1 the trace map induces
and hence a map f ! : Λ(X ) → Λ(Y ). We want to explain in which sense Λ(X ) is a sheafification of the space of measures Λ(X).
Let us choose a geometric point s : SpecK → S and let X r,s be the stalk of X r at s. We consider X r,s as a finite set with a continuous Galois action.
Immediately from the definitions we have:
In particular, if we define Λ(X ) s := lim ← −r Λ r (X r ) s and X s := lim ← −r X r,s we get
which is the space of measures on X s with a Galois action.
In the case where each X r = H r pr − → S a finiteétale group scheme over S, so that H := lim ← −r H r is a pro-étale group scheme, the sheaves Λ r (H r ) become sheaves of Z/ℓ r Z-algebras. In fact one has
and the group multiplication induces a ring structure on Λ r (H r ).
The case of torsors.
The following situation will occur very frequently in this paper. Suppose we have an inverse system of finiteétale group schemes on S
where T = T r for all r is an N -torsion group. For each section t : S → T we define an H r -torsor H r t by the cartesian diagram (2.4.2)
Denote by H := lim ← −r H r , G := lim ← −r G r and H t := lim ← −r H r t the associate pro-étale group schemes and by H r , G r , H r t and H , G , H t the associated sheaves. In particular one has an exact sequence
and a cartesian diagram (2.4.4)
Each Λ r (H r t ) is a Λ r (H r )-module of rank one and consequently the same is true for the Λ(H )-module Λ(H t ). The sheaves Λ(H t ) are sheaves of Iwasawa modules under the sheaves of Iwasawa algebras Λ(H ).
2.5. The sheafified moment map. In this section we describe a sheaf version of the moment maps from Proposition 2.2.2.
Let p r : H r → S be a finiteétale group scheme which isétale locally of the form
we consider H r -torsors p r,t : H r t → S associated to an exact sequence 0 → H r → G r → T → 0 and to an N -torsion section t of T . As T is an N -torsion group by assumption, the N -multiplication map [N ] : G r → G r factors through H r and we get a map of schemes (2.5.1) τ r,t : H r t ֒→ G r
We interpret this as a section τ r,t ∈ H 0 (H r t , p * r,t H r ). Definition 2.5.1. We let
be the k-th tensor power τ r,t . This will also be viewed as a map of sheaves
Recall that for sheaves F , G on H r t one has the morphism (given by the projection formula and adjunction) (2.5.2) p r,t,! F ⊗ p r,t * G ∼ = p r,t,! (F ⊗ p * r,t p r,t * G ) → p r,t,! (F ⊗ G ) and that p r,t,! = p r,t * as p r,t is finite.
Definition 2.5.2. The sheafified moment map
where tr is the trace map with respect to p.
From the definition it follows that the moment maps mom k r,t are compatible with respect to the trace map for varying r. 
On stalks the sheafified moment map coincides with the one defined in Definition 2.2.5:
Lemma 2.5.4. Let s be a geometric point of S, then the stalk of the moment map
coincides with the moment map mom k r,t defined in Definition 2.2.5.
Proof. We have Λ r (H r t ) s = Λ r (H r t s ) and we let
be an element in Λ r (H r t s ). We identify (p := p r,t )
With this identification the image of µ r under id ⊗ τ
r,t is given by (2.5.3) (
r,t (y)).
The homomorphism
maps the element in (2.5.3) to
r,t (x).
and the trace of this is
which is the desired formula.
2.6. Soulé's twisting construction and the moment map. Let us consider the situation in (2.4.3)
and recall the inverse system of H r -torsors H r t . Denote by λ r : H r+1 t → H r t the transition maps and by p r,t : H r t → S the structure map.
Definition 2.6.1. A norm-compatible function θ = (θ r ) r≥1 on H t = (H r t ) r≥1 is an inverse system of global invertible sections
such that λ r * (θ r+1 ) = θ r , where λ r * is the norm map with respect to λ r .
Definition 2.6.2. The Kummer map
is the boundary map for the exact sequence
Recall the section τ r,t ∈ H 0 (H r t , p * r,t TSym k H r ) from Definition 2.5.1. Soulé's twisting construction is now as follows.
where we have written TSym k H r (1) := TSym k H r ⊗ µ ℓ r as usual.
Recall from Lemma 2.2.1 that lim ← −r TSym k H r = TSym k H and denote by
Proposition 2.6.4 (Soulé) . Under the transition maps
one has red r (s(r + 1, k, t)) = s(r, k, t). In particular, one gets an element
We refer to this construction as Soulé's twisting construction.
Remark 2.6.5. In general Soulé's twisting construction allows also to construct elements in other Galois representations and it depends on the choice of elements in the Galois representation. Here we have fixed the tautological sections τ
r,t of TSym k H r to define this twist. In [HK06] one can find more general twisting constructions.
Proof. By abuse of notation we also denote by red r any map on cohomology which reduces the coefficient module modulo ℓ r . Then one has red r • λ r * = λ r * • red r . We have red r (τ
r,t ) and by assumption red r • λ r * (θ r+1 ) = λ r * • red r * (θ r+1 ) = θ r . Then
The following identification is fundamental for the whole paper.
Lemma 2.6.6. Let p r,t : H r t → S be the H r -torsor as above, then one has a canonical isomorphism
Proof. As p r,t is finite this follows from the Leray spectral sequence.
With this identification we can rewrite the Kummer map and one gets a commutative diagram (2.6.1)
where the λ r * on the right hand side is induced by the trace map λ r! : Λ r+1 (H r+1 t ) → Λ r (H r t ). This diagram allows to consider the inverse limit of the ∂ r (θ r ):
Definition 2.6.7. The norm-compatible functions θ = (θ r ) r≥1 define an element
We also let S t r := ∂ r (θ r ).
With this preliminaries we can finally explain the crucial relation between the moment map and Soulé's twisting construction.
Proposition 2.6.8. The homomorphism
induced by the moment map mom k r,t coincides with the composition
In particular, one has mom k r,t (S t r ) = s(r, k, t) and in the limit
Proof. Let p := p r,t then the result follows from the commutative diagram
Three examples
3.1. The Bernoulli measure and its moments. Let N > 1 and t ∈ Z/N Z and consider for each r ≥ 0 the exact sequence
where q r is reduction modulo N . We let Z r := Z/ℓ r Z and Z := Z ℓ . In the notation of (2.4.3) we have H r = Z/ℓ r Z, G r = Z/ℓ r N Z and T = Z/N Z. We define
so that Z r t = H r t in the notation of (2.4.3). We denote by Z t := lim ← − r Z r t the inverse limit. As before, each Z r t is an Z r -torsor. Recall that Z 0 = Z = Z ℓ and that Λ(Z t ) is a free rank one Λ(Z)-module. Let us define the Bernoulli measure in Λ(Z t ). We choose, as usual, an auxiliary c ∈ Z with (c, ℓN ) = 1 to make the Bernoulli distribution integral (for the properties of the Bernoulli numbers we refer to [Lan90, Ch. 2, §2]).
Definition 3.1.1. Denote by B k (x) the k-th Bernoulli polynomial. The map 
We want to compute the moments of the Bernoulli measure. Choose e = 1 ∈ Z ℓ as a basis and let x = id : Z ℓ → Z ℓ be the dual basis. By standard congruences for Bernoulli polynomials (see e.g. [Lan90, Theorem 2.1]) we have
(3.1.3)
Note that if c ≡ 1 mod N we get
3.2. Modified cyclotomic Soulé-Deligne elements. We review the cyclotomic elements defined by Soulé [Sou81] and Deligne [Del89] from our perspective. In the literature two kinds of Soulé-Deligne elements are in use. There are the ones used in Iwasawa theory obtained by using the norm of the field extension Q(µ ℓ r N )/Q(µ N ) and the ones which come from motivic cohomology via the regulator map. These are obtained by the trace map from [ℓ r ] : µ ℓ r N → µ N . The relation between these two elements is essentially an Euler factor (see the discussion in [Hub] ). We treat here only the later elements originating from motivic cohomology. Let N > 1 and consider the exact sequence of finiteétale group schemes over a base Thus we can restrict Ξ to µ ℓ r α to get norm-compatible functions θ r in the notation of Definition 2.6.1.
Definition 3.2.1. We let
and define
The section τ r,α from Definition 2.5.1 is the map
− − → µ ℓ r and its k-th tensor power gives
Definition 3.2.2. Let 1 = α ∈ µ N (S). We denote by
the element s(r, k, α) obtained by Soulé's twisting construction.
Note that for S := SpecQ(µ ℓ r N ) the section τ
r,α is given by β → (β N ) ⊗k for β ∈ µ ℓ r α (S). Moreover, one has
It follows that over S := SpecQ(µ ℓ r N ) the element c k+1,r (α) is given explicitly by
Definition 3.2.3. For 1 = α ∈ µ N (S) and k ≥ 1 the modified cyclotomic Soulé-Deligne element is
Moreover, for a function ψ : µ N (S) → Z ℓ we let
From the general result in Proposition 2.6.8 we get the following relation between CS α and c k+1 (α) under the moment map We compute the moments of CS α c .
Proposition 3.2.6. Let k ≥ 1 then
In particular, for c ≡ 1 mod N one has
Proof. There is a commutative diagram 
Elliptic Soulé elements.
We use the theory of norm-compatible elliptic units as developed by Kato. First we fix an analytic uniformization of Y (N )(C) which is the same as in [Kat04] . Note that σ ∈ GL 2 (Z/N Z) acts from the left on Y (N ) by σα(v) := α(vσ) for all v ∈ (Z/N Z) 2 . Let H := {τ ∈ C | Imτ > 0} be the upper half plane, then one has an analytic uniformization . Let E be an elliptic curve over a scheme S and c be an integer prime to 6, then there exists a unit
is an isogeny of elliptic curves over S with deg ϕ prime to c, then
(4) For τ ∈ H and z ∈ C \ c −1 (Zτ + Z) let c ϑ(τ, z) be the value at z of c ϑ E for the elliptic curve E = C/(Zτ + Z) over C. Then
where q τ := e 2πiτ , q z := e 2πiz and
Note that γ differs from Kato's γ. 
Proof. This follows from Theorem 3.3.1 by writing q z = q a N τ ζ b N and a straightforward computation using B 2 (x) = x 2 − x + 1 6 , so that
GUIDO KINGS
For the elliptic curve π : E → S and an integer N > 1 consider the exact sequence of finiteétale group schemes
In the notation of (2.4.1) we have
We denote by H r and H r t the sheaves associated to E[ℓ r ] and E[ℓ r ] t respectively. We also define
Let c > 1 be an integer with (c, 6ℓN ) = 1 and consider the function
Note that for t = e one has E[ℓ r ] t ⊂ E \ E[c], by our condition on c. Thus, we can restrict c ϑ E to an invertible function, called θ r in Definition 2.6.1, on
and in the limit
The section τ r,t from Definition 2.5.1 is given by
Its k-tensor power gives
Soulé's twisting construction allows now to define: 
and c e k (t) := lim ← − r c e k,r (t) ∈ H 1 (S, TSym k H (1)).
We call c e k (t) the elliptic Soulé element. For a function ψ :
Suppose that S is a scheme such that the group scheme E[ℓ r N ] is isomorphic to (Z/ℓ r N Z) 2 (for example S = Y (ℓ r N )). Then one has H r ∼ = (Z/ℓ r Z) 2 and the pull-back of c e k,r (t) to S is given explicitly by c e k,r (t) =
The moment map is in our context
or in the limit
From the general result Proposition 2.6.8 we get: 
Eisenstein classes, elliptic Soulé elements and the integral ℓ-adic elliptic polylogarithm
In this section we compare the elliptic Soulé elements with the Eisenstein classes. The idea consists in writing the Eisenstein classes as specializations of the elliptic polylogarithm and then to define an integral version of the elliptic polylogarithm which is directly related to the elliptic Soulé elements.
4.1.
A brief review of the elliptic logarithm sheaf. We give a brief review of the elliptic polylogarithm and refer for more details to [Hub] , the original source [BL94] or to the appendix A in [HK99] .
Let π : E → S be a family of elliptic curves with unit section e : S → E. We let (4.1.1) Λ := Z/ℓ r Z, Z ℓ , Q ℓ and we consider lisse sheaves of Λ-modules. A Λ-sheaf G is unipotent of length n with respect to π, if it has a filtration
Beilinson and Levin show:
There is a n-unipotent sheaf Log (n) Λ together with a section 1 (n) ∈ Γ(S, e * Log (n) Λ ) such that for any nunipotent Λ-sheaf G the homomorphism
is an isomorphism. The pair (Log
is unique up to unique isomorphism.
Obviously, as any n − 1-unipotent sheaf is also n-unipotent, one has transition maps Log Λ , 1 (n) ) with the above transition maps is called the elliptic logarithm sheaf.
We review some facts about Log Λ . Let H Λ := Hom S (R 1 π * Λ, Λ), then one has exact sequences
which in the case that Λ = Q ℓ induce an isomorphism
which maps 1 (n) to 1 ∈ Q ℓ . Also in the case Λ = Q ℓ the sheaf Log Q ℓ admits an action of
which on the associated graded pieces π * Sym k H Q ℓ is just the usual multiplication with
The most important fact about the logarithm sheaf is the vanishing of its higher direct images except the second one. 
Another important fact about the logarithm sheaf is the splitting principle, which we formulate as follows: 
In particular, for each section t ∈ kerϕ(S) one has a canonical isomorphism
Note 
(see [HK99, A.3] or [Hub] ).
Definition 4.2.1. The (small) elliptic polylogarithm is the class
which maps to the canonical inclusion H Q ℓ ֒→ n≥1 Sym n H Q ℓ under the above isomorphism (4.2.1).
Consider a non-zero N -torsion section t ∈ E(S). If we use the isomorphism t * Log Q ℓ ∼ = n≥0 Sym n H Q ℓ from Proposition 4.1.4 we get
To get classes in H 1 (S, Sym n H Q ℓ (1)) we use the map (4.2.2) contr H Q ℓ : Ext
defined by first tensoring an extension with H ∨ Q ℓ
, where H ∨ Q ℓ is the dual of H Q ℓ , and then compose with the contraction map
Definition 4.2.2. Let N > 1 and t ∈ E[N ](S) be a non-zero N -torsion point, then
is called the k-th Eisenstein class. If ψ : (E[N ](S) \ {e}) → Q is a map, we define Eis 
we have an element which maps to 0 in Q ℓ as follows: We have
and consider q : E[c] → S and the section e : S → E[c]. These morphisms induce e * :
Definition 4.3.1. Let 1 ∈ H 0 (S, Q ℓ ) be the constant section which is identically 1 on S. Then we let
Note that c 2 e * (1) − q * (1) maps to 0 ∈ Q ℓ under the map in (4.3.1). We can now define the variant of the elliptic polylogarithm. Definition 4.3.2. The elliptic polylogarithm pol c associated to c 2 e * (1) − q * (1) is the cohomology class
with res(pol c ) = c 2 e * (1)
This cohomology class is related to pol as follows. Write
and define a map
by first tensoring an extension with π * H Q ℓ and then push-out with mult :
On the other hand consider
and use the isomorphism Log Q ℓ ∼ = [c] * Log Q ℓ from Proposition 4.1.4 to obtain a class in Ext
Proposition 4.3.3. There is an equality
Proof. As in Equation (4.2.1) we have
and we have to show that the images of the elements mult H Q ℓ (pol c ) and
* pol in the right hand side are the same. One has two maps
It follows from the definition of mult H Q ℓ (pol c ) and c 2 pol | E\E[c] −c[c] * pol that both elements map to
The variant of the elliptic polylogarithm and Eisenstein classes.
We are going to explain how specializations of pol c are related to the Eisenstein classes. Let (c, N ) = 1 and recall from Definition 4.3.2 the class pol c ∈ Ext
If we pull this back along a non-zero N -torsion section t ∈ E[N ](S), we get,
and the k-th component gives a class
Proposition 4.4.1. In H 1 (S, Sym k H Q ℓ (1)) we have the equality
Proof. According to Proposition 4.3.3 we have
Taking the pull-back along t of the right hand side and applying the map contr H Q ℓ gives
Sym k+1 H Q ℓ by the remark after Proposition 4.1.4 so that we have to divide by c k+1 ). Thus it remains to show that
But obviously we have contr
A direct computation shows that contr H Q ℓ • mult H Q ℓ is the identity map. This gives the desired result.
Sheaves of Iwasawa modules and the elliptic logarithm sheaf.
In this section we relate the elliptic logarithm sheaf to a certain sheaf of Iwasawa modules. Write E r := E with structure map π r * : E r → S and identity section e r : S → E r . Let p r := [ℓ r ] : E r → E be the ℓ r -multiplication map.
Definition 4.5.1. Let Λ n = Z/ℓ n Z, then the geometric elliptic logarithm sheaf with coefficients in R is the inverse system
where the transition maps are the trace maps p r+1 * L n → p r * L n . Define a ring sheaf by
and let 1 n ∈ R Λn be the identity section.
As E r is an E[ℓ r ]-torsor over E, the sheaf L Λn is an π * R Λn -module, which is locally free of rank one. Denote by I Λn ⊂ R Λn the augmentation ideal and by I k Λn its k-th power. We define
Λn ). The first main result in this section is the following theorem:
Λn denotes the constant inverse system. For the proof we need a characterization of lisse Λ n -sheaves on E.
Proposition 4.5.3. Let G be a lisse Λ n -sheaf on E. Then there is an integer s such that
In particular, the functor G → e * G induces an equivalence between the category of lisse Λ n -sheaves on E and lisse Λ n -sheaves on S with a continuous action of R Λn .
Proof. As p r is finiteétale, one has
This isomorphism allows to define a continuous action of R Λn on e * G (where continuous means that the action factors through some e * p s * Λ n ). The inverse functor is given by
Proof of Theorem 4.5.2. From Proposition 4.5.3 we get a morphism of prosheaves L Λn → Log Λn we get also a morphism Log
corresponding to 1 n . It is straightforward to check that these two morphisms are inverse to each other. where the transition maps are induced by the trace maps and the reduction modulo ℓ r . We also let R := e * L with unit section 1 and denote by I ⊂ R the augmentation ideal. Finally, let
Theorem 4.5.5. There is a canonical isomorphism
There is a surjective morphism L → L Λn and we get with Theorem
we get a morphism in the other direction Log
We now discuss the relation between the sheaves L and the sheaves of Iwasawa modules.
Proposition 4.5.6. Let t : S → E be an N -torsion section, then
Proof. From the commutative diagram
S t − −−− → E we get t * p r * Λ r ∼ = p r,t * Λ r and the result follows from the definitions.
induces isomorphisms of the associated graded pieces, which are the Sym n H for n = 0, . . . , k. Therefore
is just the comparison map for Sym k H . It therefore follows from Lemma 2.2.4 that the diagram
Proof. As pr k (t * comp(Θ c )) = pr k (t * pol c ) by Theorem 4.6.3, this follows from Lemma 4.6.2 together with Proposition 4.4.1.
Lemma 4.7.2. The Eisenstein class Eis
is of parity (−1) k , i.e., one has Eis
In particular, Eis k Q ℓ (ψ) = 0 if ψ is not of parity (−1) k , where we say that ψ has parity (−1) k , if ψ(−t) = (−1) k ψ(t).
Proof. This follows from Lemma 3.3.6 and Theorem 4.7.1 for c ≡ 1 mod N .
The residue at ∞ of the elliptic Soulé elements
In this section we will compute the residue at ∞ of the elliptic Soulé elements and hence of the Eisenstein classes. 
Note that by purity one has a canonical isomorphism ∞ * R 1 j * Z/ℓ r Z(1) ∼ = Z/ℓ r Z and that R 2 j * Z/ℓ r Z(1) = 0.
Definition 5.1.1. We define the residue map
to be the morphism induced by the edge morphism of the Leray spectral sequence for Rj * .
Consider the Tate curve E q over Y (N ) ∞ . For each r ≥ 1 one has an exact sequence and a commutative diagram
and p r induces a finite morphism
and hence a morphism of sheaves
Note that Λ r (Z r p(t) ) is a constant sheaf over X(N ) ∞ so that we can consider the composition
Definition 5.1.2. We define
to be the composition of the maps in (5.1.4). We also denote by
the inverse limit.
Over Y (N ) ∞ one has also the exact sequence
Proposition 5.1.3. The subsheaf ι(Z ℓ (1)) ⊂ H are the invariants of monodromy. In particular, ι :
Proof. That ι(Z ℓ (1)) ⊂ H are the invariants of monodromy is [SGA72, Exposé IX, Proposition 2.2.5 and (2.2.5.1)]. From the long exact sequence for ∞ * Rj * we get
As ∞ * j * Z ℓ ∼ = Z ℓ and Z ℓ ∼ = ∞ * R 1 j * Z ℓ (1), the first map is an isomorphism and one gets ∞ * R 1 j * H ∼ = ∞ * R 1 j * Z ℓ ∼ = Z ℓ (−1).
Proof. This follows by induction on k from Proposition 5.1.3 and the exact sequence
Definition 5.1.5. The residue at ∞ is the morphism
induced from the edge morphism of the Leray spectral sequence for Rj * and the isomorphism
In the same way one defines a residue at ∞ (5.1.6) res ∞ :
which obviously factors through the residue map on
). The residue maps defined in Definition 5.1.2 on finite level and in Definition 5.1.5 with Q ℓ -coefficients are compatible in the following sense.
Lemma 5.1.6. There is a commutative diagram
Moreover, if one uses the isomorphism
Proof. The functoriality of the moment map gives
and the lemma follows from the definitions if one observes that the canonical map Sym
Finally, we treat the compatibility of the Kummer map and the residue map. The scheme Z r p(t) over Y (N ) ∞ is the disjoint union of copies of SpecQ(ζ N ) ((q 1/N ) ). An invertible function on Z r p(t) is therefore just a collection of units in Q(ζ N )((q 1/N )) and one can speak of the order of the unit in the uniformizing parameter q 1/N . If we denote by Z[Z r p(t) ] the abelian group of maps ϕ : Z r p(t) → Z one gets a homomorphism
The norm with respect to the finite morphism p r :
With these notations we have:
Lemma 5.1.7. The following diagram commutes:
Here the right vertical arrow reduces the coefficients modulo ℓ r .
Proof. Compatibility of the Kummer map with traces and residues.
Computation of the residue at ∞ of the elliptic Soulé element.
Recall the residue map
from Definition 5.1.2 and the elements
defined in 3.3.3 and B
p(t)
2,c,r ∈ Λ r (Z r p(t) ) defined in 3.1.1.
The residue of the elliptic Soulé elements will be deduced from the following fundamental result.
Theorem 5.2.1. With the above notation one has
2,c,r . In particular, taking the inverse limit one has
Proof. Recall that ES t c,r = ∂ r ( c ϑ E ) so that Lemma 5.1.7 implies that we have to compute ord ∞ • p * ( c ϑ E ). In order to do this we perform a base change from Y (N ) ∞ to Y (ℓ r N ) ∞ . We introduce the shorter notation
for r ≥ 0. Over T r the scheme E[ℓ r ] t is isomorphic to the constant scheme
and the map p : Z 2 r t → Z r p(t) is simply given by the projection pr 1 onto the first coordinate: (x, y) → x. The base change from T 0 to T r induces a commutative diagram
where the right vertical map is the multiplication of the coefficients with ℓ r . The commutativity follows from the fact that the morphism T r → T 0 is ramified of degree ℓ r in q 1/N . Moreover, as pr 1 : Z 2 r t → Z r pr 1 (t) is unramified one has a commutative diagram
For each (x, y) ∈ Z 2 r t we now have to calculate the order of (x, y) * c ϑ E at ∞. For this we can work on Y (ℓ r N )(C). By Corollary 3.3.2 the function (x, y) * c ϑ E is explicitly given by .
As the uniformizing parameter for
2,c,r (x). To compute pr 1! • ord ∞ ((x, y) * c ϑ E ) observe that for a fixed x ∈ Z r pr 1 (t) there are ℓ r elements y with (x, y) ∈ Z 2 r t . As ord ∞ ((x, y) * c ϑ E ) is independent of y this gives
2,c,r (x). With diagram (5.2.1) we finally get
From Theorem 5.2.1 we will deduce a formula for the residue of the elliptic Soulé elements.
Recall the elliptic Soulé element
from Definition 3.3.4 and consider 1 N k c e k (t) = mom
In Definition 5.1.5 and (5.1.6) we have defined the residue map
In the next theorem we identify
In particular, if c ≡ 1 mod N one gets
Proof of Theorem 5.2.2. By Proposition 3.3.5, Lemma 5.1.6 and Theorem 5.2.1 one has
where the last equality is formula (3.1.3).
Corollary 5.2.3. Let S = Y (N ) and consider the residue map from
Proof. This is Theorem 4.7.1 together with Corollary 5.2.2 in the case c ≡ 1 mod N . This induces on the fibres over t ∈ E[N ]
where H r+1 t is the sheaf associated to the fibre of E r+1 over t. As Bp t 2,c,r+1
is a pull-back from Z/ℓ r+1 N Z the map ̺ ! multiplies the element with the cardinality of the fibres of p 1 , which is ℓ. Application of σ ! to ℓBp By construction, the residue at ∞ of c me k (t) is zero:
Lemma 6.3.2. One has res ∞ (MES t c ) = 0 hence res ∞ ( c me k (t)) = 0, so that one can consider c me k (t) as a class in
Proof. This follows from Lemma 5.1.6, Theorem 5.2.1 and Lemma 6.2.3.
We now want to evaluate ∞ * ( c me k (t)) ∈ H 1 (∞, holds in H 1 (∞, Q ℓ (k + 1)).
The proof of this theorem is given in the next section.
Remark 6.3.4. In fact one can show that in H 1 (∞, Q(k + 1)) the identity c k+1 (t −1 ) = (−1) k c k+1 (t) holds (see for example [Del89] 3.14.) but we do not need this fact.
The consequences for the evaluation of the cup-product construction are as follows. We now apply Theorem 6.3.3 and observe that ∞ * ( c me k (a, b)) = 0, if a = 0. By Lemma 4.7.2 we can also assume right away that ψ(−t) = (−1) k ψ(t). Definition 6.4.1. We denote by µ ℓ r t ιr − → E[ℓ r ] t the fibre over the Ntorsion section t. We let T r t be the sheaf associated to µ ℓ r t and define T t := lim ← − r T r t .
In the case t = 0 we write T := T 0 .
Note that µ ℓ r t is empty if p(t) = 0. The maps ι r induce a map of sheaves (6.4.1) ι ! : Λ(T t ) → Λ(H t ).
On the other hand, pull-back by ι r gives a map of sheaves
which is a splitting of ι ! . On the other hand the maps p r,t : E[ℓ r ] t → Z r p r (t) give rise to (6.4.3) p ! : Λ(H t ) → Λ(Z p(t) ). and ∞ * R 1 j * Λ(H ) ∼ = Λ(Z).
